Abstract. Let f, g : X → G/K be maps from a closed connected orientable manifold X to an orientable coset space M = G/K where G is a compact connected Lie group, K a closed subgroup and dim X = dim M . In this paper, we show that if
Introduction
In classical Nielsen fixed point theory, the Nielsen number is either zero or is equal to the Reidemeister number if the so-called Jiang condition is satisfied. For coincidences, we say that a closed connected orientable manifold M is of Jiang-type for coincidences if for any closed connected orientable manifold X with dim X = dim M and for any maps f, g : X → M we have L(f, g) = 0 ⇒ N(f, g) = 0 or L(f, g) = 0 ⇒ N(f, g) = R(f, g) where L(f, g), N(f, g), and R(f, g) denote the Lefschetz, Nielsen, and Reidemeister coincidence numbers respectively. Evidently, classical Jiang spaces are of Jiang-type for coincidences. In addition, certain C-nilpotent spaces for the class C of all finite groups [7] which include coset spaces G/K of compact connected Lie groups G by finite subgroups K and compact nilmanifolds [8] are known to be of Jiang-type for coincidences. Recently, it was shown [15] that orientable! coset spaces G/K of compact connected Lie groups are of Jiang-type (for fixed points). The main purpose of this paper is to show that orientable coset spaces are indeed of Jiang-type for coincidences. We also investigate certain situations when the dimension of the domain space is greater than that of the target space. We assume that the reader is familiar with the geometric Nielsen coincidence theory and root theory as developed in [2] .
Coincidences of maps into homogeneous spaces
Let G be a compact, Lie group and K a closed subgroup of G. We will assume the homogeneous space of left cosets G/K is orientable. We denote by p : G → G/K the natural projection. In general the projection p is a locally trivial fibration (see [12, page 675] and [11, §7] ) with fibre K and in case that K is finite it is a covering map. The group G acts on G/K by g · g ′ K = gg ′ K and K acts on G by k · g = gk −1 . We should point out that the map p is not a K-map. Let X be an orientable manifold and f, h : X → G/K maps. We define q : X → X to be the induced bundle over X by f i.e., X = {(x, g) ∈ X × G | f (x) = p(g)} and q(x, g) = x. By [11, §10] , q is a locally trivial fibration and X is a K-space where the K action on X is the diagonal action on X × G and K acts trivially on X. We have the following commutative diagram.
Now we define a map η : X → G/K by:
, then for each x ∈ q −1 (x) we have: Proof: Let c 1 and c 2 be two roots of η in the same Nielsen root class. Then there exists a path γ from c 1 and c 2 such that η • γ is homotopic to the trivial loop at eK relative to the endpoints so that there exists a homotopy H : I × I → M such that:
and
The projection γ = q( γ) is a path from c 1 to c 2 in X, and H(t, s) = [ f( γ(t))] · H(t, s) is a homotopy between h • γ and f • γ relative to endpoints. This implies that c 1 and c 2 are in the same Nielsen coincidence class. Proof: If γ is a path from c 1 to c 2 such that f • γ ∼ h • γ relative to endpoints, one can lift γ to a path γ starting at c 1 so that γ(1) ∈ q −1 (c 2 ) and
Note that the homotopy used here is relative to the endpoints.
Remark 2.4. These two lemmas show that there is an injection from the (non-empty) coincidence classes of (f, h) to the (non-empty) roots classes of η and a surjection from the (non-empty) roots classes of η to the (non-empty) coincidence classes of (f, h).
Recall that the space X is a K-space and the action of K in X is trivial on the first coordinate. From [2] , an (geometrically) inessential coincidence class is a class that disappears under homotopy. Proof: (1) Suppose that F, H : X × I → G/K are homotopies such that:
and C is not related to any coincidences of h ′ and f ′ . Since G/K is a manifold, it follows that one can assume the homotopy F constant so that F (x, t) = f (x) for all t. Let F : X × I → G be the constant homotopy with F ( x, t) = f ( x). Now we define F : X × I → G/K by:
The map F is a K-homotopy and we have:
Now all root classes of η associated to the coincidence class C in the sense of lemmas 2.3 and 2.2 will be inessential by the K-homotopy F, that is, the the root classes of η corresponding to C are not related to any root class of F 1 .
(2) Let F :
If q( x) = q( x ′ ) then there exists k ∈ K such that x = (x, g) and x ′ = (x, gk) for some g ∈ G and k ∈ K. The homotopy F is Kequivariant and the diagram
We note that:
and if F( x, 1) −1 (eK) = ∅ then we define h ′ : X → G/K by:
Thus, we have just shown that the Nielsen coincidence problem for the pair (f, h) is equivalent to the K-equivariant Nielsen root problem of η. More precisely, we have the following result.
Corollary 2.6. Let X, M be manifolds. Suppose M = G/K is the homogeneous space of left cosets of a Lie group G by a closed subgroup K. For any maps f, h : X → M we denote q : X → X the induced fibration over X of the fibration p : G → G/K by the map f and we define the map η :
Main results -codimension zero
In this section we assume that G/K and X are connected, compact, orientable n-manifolds. For n ≥ 3 these spaces are Wecken spaces for coincidences and if n = 1 then G/K = S 1 , for n = 2, G/K is the Torus or S 2 (all such spaces are Wecken spaces for coincidences). In all cases we suppose that the coincidence classes of (f, h) are finite, then Coin(f, h) = {c 1 , . . . , c r } or empty. We will follow the approach of [13] and [15] . For every coincidence point c i , each point of the fibre q −1 (c i ) is a root and this set has the same number m of connected components as K. Moreover, η has no other roots than these fibres.
It is easy to see that each connected component of q −1 (c i ) are in the same root class of η and each root class of η is the union of some connected components of q
each connected component of the root set, and O i = q −1 (c i ). The fibration q : X → X is locally trivial and we can choose neighborhoods V i ⊂ X of c i such
we can see that (q| 
Define the local root index of O i with respect to η to be the integer ω K (η; O i ) that is the image of o i by the map: Proof: Let σ : (∆ n , ∂∆ n ) → (X, X \c i ) be a singular n-simplex such
Now if τ t is a homotopy from ( f σ)
−1 to the constant map at eK, we can see that the homotopy Proof: It follows from Lemmas 3.1 and 3.3. Our main result in this section is that L(f, h) = 0 ⇒ N(f, h) = R(f, h). We know that for each Reidemeister coincidence class we can associate one (possible empty) Nielsen coincidence class. This correspondence depends on many choices (base points, lifts, etc.). We established that all non-empty classes have index of same sign and the next lemma shows that the inessential classes can be considered as non-empty.
Lemma 3.5. Given β ∈ π 1 (M) and a pair of maps f, h : X → M such that X and M are connected manifolds, there exists a map h ′ ∼ h and a point x 1 ∈ Coin(f, h ′ ) so that the coincidence class to which x 1 belongs is associated to the Reidemeister class of β.
Proof: Suppose that Coin(f, h) = ∅ and Coin(f, h) = M. Let x 0 ∈ Coin(f, h) and choose x 1 ∈ (M \ Coin(f, h)) and a path γ :
is an open set and there exists an open neighborhood B x 1 of x 1 , such that:
For each point x ∈ B x 1 define x ∂ ∈ ∂B(0, 1) as the image of ψ(x) by the radial projection, then there exists a unique t x ∈ [0, 1] such that
It is easy to see that h ′ is the desired map. If Coin(f, h) = ∅ then a similar homotopy can produce a coincidence point and if Coin(f, h) = M then a local small deformation of one of the maps is enough. 
Proof: Lemma 3.5 and Corollary 3.4 show that if one Reidemeister class is associated with an empty Nielsen class then all Nielsen classes have index zero (it is simple to see that the coincidence produced in Lemma 3.5 has index zero). Now we complete the proof by recalling that L(f, h) = ind(f, h; C i ).
Remark 3.7. In [7] , it was shown that a closed orientable C-nilpotent manifold whose fundamental group has a center of finite index is a Jiang-type space for coincidences. While orientable coset spaces G/K may well be such a space but we are unable to verify at this point. Moreover, our approach of studying equivariant roots of the K-map η has the advantage of allowing us to study positive codiemnsional coincidence problem as we illustrate in the next section whereas the approach of [7] is restricted to codimension zero situation.
Positive codimension
In this section the Lie group G is not necessarily compact and the homogeneous space G/K and the manifold X can be non-orientable. In this situation, the classical Lefschetz coincidence number is not welldefined while the Nielsen coincidence number can be defined using the geometric concept of essentiality of [2] . problem studied in [4] in which primary and higher obstructions are the principal tools. This will be the objective of our future work. Remark 4.3. The existence of f in the hypothesis of Theorem 4.1 can be determined using classical obstruction theory to lifting as in [12] .
Next, we apply our techniques to coincidences into suitable manifolds. For a manifold M, e ∈ M, and G(M) the group of all homeomorphisms of M, we say (see [6] ) that M is suitable if there exists a continuous map θ : M → G(M) such that:
θ(x)(x) = e and θ(e) = id M .
Brown [3] showed that on a suitable manifold M there exists a multiplication such that:
(1) x · e = x, ∀x ∈ M; (2) given a, b ∈ M, ∃x ∈ M such that a · x = b; (3) x · y = x · z ⇒ y = z, ∀x, y, z ∈ M.
and that for compact manifolds the existence of this multiplication is equivalent to the definition. Moreover Brown notes that for each x ∈ M there exists a unique inverse x −1 such that x · x −1 = e. Let X be a compact manifold, M be a suitable manifold and f, h : X → M be maps. We define η : X → M by η(x) = (f (x)) −1 · h(x) and it is easy to see the arguments used in section 2 can be used under these hypotheses showing that there exists a bijection between the coincidence classes of (f, h) and the root classes of η. Furthermore, the proof of Theorem 4.1 remains valid even for a non-compact suitable manifold M. 
